Introduction {#Sec1}
============

The mass and decay constants of the pions, kaons and the eta have been worked out to two-loop accuracy in three-flavoured chiral perturbation theory (ChPT) in \[[@CR1]\] some time ago. The expressions for these at this order bring about a class of diagrams known as the sunsets. For the decay constants, in addition to the sunset integral, derivatives of the sunsets with respect to the square of the external momentum (also known as 'butterfly' diagrams), evaluated at a value equal to the square of the mass of the particle in question, are needed. The sunset diagrams themselves have been studied in field theory literature for many years now, and for particular mass configurations analytic expressions exist in Laurent series expansions in $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = (4-d)/2$$\end{document}$. In general, however, the sunsets and their derivatives have to be evaluated numerically and publicly available software \[[@CR2]\] does this with user driven inputs.

There is, however, a need for an analytic study of the observables in ChPT since one would like to have an intuitive sense for the results appearing therein. More importantly, with recent advances allowing lattice simulations to tune the quark masses to near physical values, a combining of lattice and ChPT results has become possible. However, at next to next to leading order (NNLO), three-flavoured ChPT amplitudes are available only numerically or take a complicated form, and thus have not been used much by the lattice community. With this in mind \[[@CR3], [@CR4]\] has advocated a large $\documentclass[12pt]{minimal}
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                \begin{document}$$N_\mathrm{c}$$\end{document}$ motivated approach to replace the two-loop integrals by effective one-loop integrals, and find it fruitful for the study of the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$F_\pi $$\end{document}$. The analytic studies of *SU*(3) amplitudes in the strange-quark mass expansion of \[[@CR5]--[@CR7]\] are also steps in that direction, but, as the results presented there are in the chiral limit, $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\mathrm{u}=m_\mathrm{d}=0$$\end{document}$, the need for more general expressions is left unfulfilled.

Some years ago, Kaiser \[[@CR8]\] studied the problem of the pion mass in the analytic framework, and was able to employ well known properties of sunset integrals to reduce a large number of expressions to analytic ones. One exception was the sunset integral with kaons and an eta propagating in the loops with the external momentum at $\documentclass[12pt]{minimal}
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                \begin{document}$$s=m_\pi ^2$$\end{document}$, for which an expansion around $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\pi ^2$$\end{document}$ was used. Kaiser \[[@CR8]\] also replaced the $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\eta $$\end{document}$ in his work by the leading-order Gell-Mann--Okubo (GMO) formula. In principle, therefore, one can get an expansion in $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\pi }^2$$\end{document}$ to arbitrary accuracy, proving thereby the accessibility of an analytical approach to the full two-loop result. For practical purposes, we have used the expansion up to and including $\documentclass[12pt]{minimal}
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                \begin{document}$$m_\pi ^4$$\end{document}$ terms. These are more than sufficient for the numerical accuracy wanted.

The reason why it is possible to attain the objectives above is that for many purposes, the sunset integrals are accessible analytically for kinematic configurations known as threshold and pseudo-threshold configurations \[[@CR9]\], as well as for the case when the square of the external momentum vanishes \[[@CR10]\]. Indeed, this is the case for most of the sunset integrals appearing in the expressions for the mass and decay constants. These properties also allow one to isolate the divergent parts in closed form, while the finite part remains calculable in analytic form only for special cases. On the other hand, there is always an integral representation for the finite part which can be evaluated numerically. Furthermore, for the most general case, all sunsets can be reduced to a set of master integrals. All other vector and tensor integrals, as well their derivatives with respect to the square of the external momentum, can also be reduced to master integrals. The work of \[[@CR11]\] in developing this work is noteworthy, as is the automation of these relations with the publicly available Mathematica package Tarcer \[[@CR12]\]. Application of these methods and tools to sunset diagrams in chiral perturbation theory is elucidated in \[[@CR13]\].

Inspired by the developments above, we now seek to extend the work of \[[@CR8]\] for the case of the pion decay constant in an expansion around $\documentclass[12pt]{minimal}
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                \begin{document}$$s=0$$\end{document}$, which also brings about the butterfly diagrams. In contrast to the approach of \[[@CR8]\], we will retain the mass of the eta without recourse to the GMO. This is the main objective of the present work. As a side result, we also give the expression for the two-loop pion mass with the full eta mass dependence.

In principle, this may also be extended to the mass and decay constant of the kaon and the eta, but the expansion about $\documentclass[12pt]{minimal}
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                \begin{document}$$s=0$$\end{document}$ for these particles when particles of unequal mass are running around in the loops is bound to converge poorly, and one would have to go to very high orders in the expansion, thereby losing the appeal of such a result. Thus we confine ourselves to the pion in this work. We present expressions for the kaon and eta masses and decay constants in a future publication \[[@CR14]\].

As an application of the expressions given here, we give their expansion in the strange-quark mass in the isospin limit and perform the 'matching' of the three-flavoured low-energy constants $\documentclass[12pt]{minimal}
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                \begin{document}$$B_0$$\end{document}$ with their two-flavoured counterparts *F* and *B*, respectively. We compare our results with those given in \[[@CR15]\] and the chiral limit results of \[[@CR5]\]. The results given in this work, however, go beyond the chiral limit matching done in the aforementioned papers. Indeed, the full expressions presented here allow for an expansion up to an arbitrary order in the quark masses.

The scheme of this paper is as follows. In Sect. [2](#Sec2){ref-type="sec"} we briefly review sunset diagrams and their evaluation. In Sect. [3](#Sec3){ref-type="sec"} we give the expressions for the analytical results up to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(m_{\pi }^4)$$\end{document}$ for the pion decay constant at two loops. We repeat the analysis for the two-loop pion mass contribution in Sect. [4](#Sec4){ref-type="sec"}. In Sect. [5](#Sec5){ref-type="sec"}, we give the s-quark expansion for both the pion decay constant and the pion mass, and we perform the matching of the two- and three-flavour low-energy constants (*SU*(2) and *SU*(3) LECs). We present a numerical analysis of our results in Sect. [6](#Sec6){ref-type="sec"}, and in Sect. [7](#Sec9){ref-type="sec"} we discuss the fitting of lattice data with the expressions given in this paper, and present them in a form that allows one to perform these fits relatively easily. In Sect. [7](#Sec9){ref-type="sec"}, we discuss several possible ways of expressing the results of this paper, and present a simplified representation that is particularly suitable for performing fittings with available lattice data. We conclude in Sect. [8](#Sec10){ref-type="sec"} with a discussion of possible future work in this area.Fig. 1The two-loop self-energy "sunset" diagram

Sunset diagrams and their derivatives {#Sec2}
=====================================

The sunset diagram, shown in Fig. [1](#Fig1){ref-type="fig"}, represents the two-loop Feynman integral,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&H_{\{\alpha ,\beta ,\gamma \}}^d (m_1,m_2,m_3;s) = \frac{1}{i^2} \int \frac{\mathrm{d}^dq}{(2\pi )^d} \frac{\mathrm{d}^dr}{(2\pi )^d}\nonumber \\&\quad \times \,\frac{1}{[q^2-m_1^2]^{\alpha } [r^2-m_2^2]^{\beta } [(q+r-p)^2-m_3^2]^{\gamma }}. \end{aligned}$$\end{document}$$Aside from the basic scalar integral, there exist tensor varieties of the sunset integral with loop momenta in the numerator. The two tensor integrals that are of relevance to this work are $\documentclass[12pt]{minimal}
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                \begin{document}$$q_{\mu } q_{\nu }$$\end{document}$, respectively, appear in the numerator. These may be decomposed into linear combinations of scalar integrals via the Passarino--Veltman decomposition as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&H_{\mu }^d = p_{\mu } H_1 , \nonumber \\&H_{\mu \nu }^d = p_{\mu }p_{\nu } H_{21} + g_{\mu \nu } H_{22} . \end{aligned}$$\end{document}$$The representation of the pion decay constants in \[[@CR1]\] involves the scalar integrals $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{21}$$\end{document}$. Taking the scalar product of $\documentclass[12pt]{minimal}
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                \begin{document}$$p^{\mu }$$\end{document}$ allows us to express the integral $\documentclass[12pt]{minimal}
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                \begin{document}$$H_1$$\end{document}$ in terms of the sunset integral with the scalar numerator *q*.*p*. Similarly, we may express $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{21}$$\end{document}$ in terms of sunset integrals with numerators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(q.p)^2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^2$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&H_1 = \frac{\langle \langle q.p \rangle \rangle }{p^2} ,\nonumber \\&H_{21} = \frac{\langle \langle (q.p)^2 \rangle \rangle d - \langle \langle q^2 \rangle \rangle p^2}{p^4 (d-1)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \langle X \rangle \rangle $$\end{document}$ represents a sunset integral with numerator *X*.

Another class of integrals that appear in the representation of \[[@CR1]\] is the derivative of the sunset integrals and the $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{21}$$\end{document}$ with respect to the external momentum. In some places in the literature, these are sometimes known as 'butterfly' diagrams. These butterfly integrals may be expressed as sunset integrals of higher dimension by means of the following expression, which can be derived from the Feynman parameter representation of the sunset integrals, and a more general version of which is given in \[[@CR8]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left( \frac{\partial }{\partial s} \right) ^n H_{\{\alpha ,\beta ,\gamma \}}^d&= (-1)^n (4 \pi )^{2n} \frac{\Gamma (\alpha +n) \Gamma (\beta +n) \Gamma (\gamma +n)}{\Gamma (\alpha ) \Gamma (\beta )\Gamma (\gamma )}\nonumber \\&\quad \times H_{\{\alpha +n,\beta +n,\gamma +n\}}^{d+2n}. \end{aligned}$$\end{document}$$Tarasov \[[@CR11]\] has shown that by means of integration by parts relations, all sunset integrals may be expressed as linear combinations of four master integrals, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A^d(m) = \frac{1}{i} \int \frac{\mathrm{d}^d q}{(2\pi )^d} \frac{1}{q^2 - m^2} = - \frac{ \Gamma \left( 1-d/2 \right) }{(4\pi )^{d/2}} m^{d-2}. \end{aligned}$$\end{document}$$This includes sunset integrals of dimensions greater than *d*, permitting us to express the butterfly integrals in terms of the four master integrals and tadpoles. Scalar sunset integrals with non-unit numerators, such as those appearing in Eq. ([2](#Equ2){ref-type=""}) may also be expressed in terms of the four master integrals and tadpoles. The Tarcer package \[[@CR12]\], written in Mathematica, automates the application of Tarasov's relations, and we have made extensive use of it in this work. We have also made use of the package Ambre \[[@CR16], [@CR17]\], which allows for a direct evaluation of many scalar and tensor Feynman integrals using a Mellin--Barnes approach, to numerically check our breakdown of the sunset and butterfly diagrams into master integrals. The theory of analytic (rather than numeric) evaluation of multi-fold Mellin--Barnes integrals is described with examples in \[[@CR18], [@CR19]\].

As is the usual practice in chiral perturbation theory, we use a modified version of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{MS}$$\end{document}$ scheme to handle the divergences arising from the evaluation of the sunset diagrams. The subtraction procedure to two-loop order in ChPT is equivalent to multiplying Eq. ([1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu _{\chi }^2 \equiv \mu ^2 \frac{\mathrm{e}^{\gamma _E - 1}}{4\pi }, \end{aligned}$$\end{document}$$and taking into consideration only the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = 0$$\end{document}$. We denote such renormalized sunset integrals by use of the subscript $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^{\chi }_{\{a,b,c\}} \equiv (\mu _{\chi }^2)^{4-d} H^d_{\{a,b,c\}}. \end{aligned}$$\end{document}$$The inclusion of factor $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} l_P^r \equiv \frac{1}{2(4\pi )^2} \log \left[ \frac{m_P^2}{\mu ^2} \right] \qquad P = \pi , K, \eta . \end{aligned}$$\end{document}$$In the results presented in this paper, we group together all terms containing chiral logarithms, whether or not they arise from the renormalized sunset integrals. We therefore use the notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^{\chi }_{\{a,b,c\}} \equiv \overline{H}^{\chi }_{\{a,b,c\}} + H^{\chi ,\log }_{\{a,b,c\}} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{\chi ,\log }$$\end{document}$ are the terms of the sunset integral containing chiral logarithms, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{H}^{\chi }$$\end{document}$ is the aggregation of the remainder. All results given hereafter have been renormalized using this subtraction scheme, and they are presented using the notation above.

Analytic expressions for the master integrals themselves have been studied thoroughly, and several results exist in the literature \[[@CR9], [@CR10], [@CR20]--[@CR23]\]. For sunset integrals with only one mass scale, there is a further reduction in the number of master integrals, and all sunsets can be expressed in terms of the tadpole integral, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^{\chi }_{\{1,1,1\}}&= - (\mu ^2 \mathrm{e}^{\gamma _E-1})^{2\epsilon } \frac{(m^2)^{1-2\epsilon }}{(4\pi )^4} \frac{\Gamma ^2(1+\epsilon )}{(1-\epsilon )(1-2\epsilon )}\nonumber \\&\quad \times \left( - \frac{3}{2\epsilon ^2} + \frac{1}{4\epsilon } + \frac{19}{8} \right) + \mathcal {O}(\epsilon ). \end{aligned}$$\end{document}$$Analytic expressions for the two mass scale integrals can be found by means of the pseudo-threshold results of \[[@CR9]\].

Expressions for the three mass sunset integrals are given in \[[@CR23]\] in terms of elliptic dilogarithmic functions. However, as one of the principal reasons for the lack of use of ChPT results by the lattice community is the complicated form of many of the results, we wish to keep the expression derived here as simple and accessible as possible. To this end, and to stay true to the spirit of the method of \[[@CR8]\], instead of using the results of \[[@CR23]\] we take an expansion in the external momentum *s* up to order $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^{\chi }_{\{\alpha ,\beta ,\gamma \}} = K_{\{\alpha ,\beta ,\gamma \}} + s \, K'_{\{\alpha ,\beta ,\gamma \}} + \frac{s^2}{2!} \, K''_{\{\alpha ,\beta ,\gamma \}} + \mathcal {O}(s^3) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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The pion mass and decay constant at two loops both involve a sunset integral with the following three mass scale configuration:$$\documentclass[12pt]{minimal}
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The pion decay constant to two loops {#Sec3}
====================================

The pion decay constant is given in \[[@CR1]\] as$$\documentclass[12pt]{minimal}
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The loop contributions can be subdivided as follows:$$\documentclass[12pt]{minimal}
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The pion mass to two loops {#Sec4}
==========================

We repeat the steps of the previous section for the pion mass. A representation for this is given in \[[@CR1]\] as$$\documentclass[12pt]{minimal}
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Expansion in the strange-quark mass in the isospin limit {#Sec5}
========================================================
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Numerical analysis {#Sec6}
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The most recent fit of LECs with a number of different assumptions are given in Ref. \[[@CR24]\]. Their main fit is called BE14 and can be found in Table [3](#Tab3){ref-type="table"} \[[@CR24]\]. We show results both for the exact fit results (BE14exact) and with the two digit precision given in the reference (BE14paper). The free fit in Table 2 in \[[@CR24]\] was done with $\documentclass[12pt]{minimal}
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An analysis of the expression for the pion mass produces the numerical results given in Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"}. The large cancellations in the sunset contributions follow from the fact that the separate parts do not vanish in the limit $\documentclass[12pt]{minimal}
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Fitting lattice data {#Sec9}
====================

In the equal mass case the formulae have a simple form in terms of the physical mass and decay constant. For the two-flavour case these can be found in the FLAG report \[[@CR27]\], and for the three-flavour case in \[[@CR28]\]. Here, the only non-analytic dependences that occur are logarithms, allowing for a compact expression. Even here there are a number of different ways to express the result. In terms of the physical mass $\documentclass[12pt]{minimal}
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An alternative is to write the lowest order on the left-hand side and the physical quantities on the right-hand side:$$\documentclass[12pt]{minimal}
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A third alternative is to have the physical quantities on the left hand side but do the expansion on the right-hand side in terms of physical masses.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m_\pi ^2&= M^2 + m_\pi ^2 \xi \left( \frac{1}{2}\log \frac{m_\pi ^2}{\mu ^2}+{\hat{l}}_M^r\right) \nonumber \\&\quad + m_\pi ^2 \xi ^2 \left( \frac{5}{8}\log ^2\frac{m_\pi ^2}{\mu ^2}+{\hat{c}}^r_{1M}\log \frac{m_\pi ^2}{\mu ^2} +{\hat{c}}^r_{2M}\right) \nonumber \\&\quad +\mathcal {O}(\xi ^3) ,\nonumber \\ F_\pi&= F\left\{ 1 + \xi \left( -\log \frac{m_\pi ^2}{\mu ^2}+{\hat{l}}_F^r\right) \right. \nonumber \\&\quad \left. +\, \xi ^2 \left( \frac{5}{4}\log ^2\frac{m_\pi ^2}{\mu ^2}+{\hat{c}}^r_{1F}\log \frac{m_\pi ^2}{\mu ^2} +{\hat{ c}}^r_{2F}\right) \right\} \nonumber \\&\quad +\mathcal {O}(\xi ^3). \end{aligned}$$\end{document}$$There are obviously even more possibilities but these are the three that we know have been used to fit data. The coefficients in the three options are clearly related by recursively using the expansions. The three options differ by higher orders (NNNLO).
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A side comment is that the leading logarithms are known to higher orders \[[@CR29]--[@CR31]\].

When different masses come into play there are clearly more ways of writing some masses as lowest-order and others as physical ones, as well as the complication that the lowest-order masses satisfy the GMO relation allowing for having different choices for which physical masses to use. The final complication is that the non-analytic dependence from the sunset diagram is considerably more involved than just logarithms, and in fact a large aim of this program is to find faster numerical ways to handle exactly this.

In the three-flavour fitting of LECs to data \[[@CR24], [@CR32], [@CR33]\] traditionally forms corresponding to the third option, Eq. ([82](#Equ82){ref-type=""}), have been used, called "expansion in physical masses and $\documentclass[12pt]{minimal}
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In lattice calculations one has easy access to the physical masses for the charged pion and kaon while the eta mass is more difficult. On the other hand one would still like to have the expansion in terms of physical quantities since part of the higher corrections are precisely changing lowest-order masses in the loop diagrams to physical masses. For fitting lattice data we thus choose an option where one uses the physical pion decay constant and the physical charged pion and kaon masses. The eta mass in the loops is then replaced by the value obtained by using the GMO relation with the physical pion and koan mass as input. These are the formulae quoted in the main text.

We can now check how many parameters are needed for the expressions for the pion mass and decay constant to NNLO. We use here the notation $\documentclass[12pt]{minimal}
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We defer a full study to future work when kaon and eta quantities will be included.

Conclusions {#Sec10}
===========

In this work, we have used the explicit representations of the two-loop contribution to the pion decay constant and mass in three-flavour chiral perturbation theory \[[@CR1]\] to derive (semi-)analytic expressions for them. That it is semi-analytic and not fully analytic stems from the fact that we treated the three mass configuration sunset integrals appearing in them as an expansion in the square of the external momentum and have retained only the first few terms. This semi-analytic representation is nonetheless very accurate and numerically reproduces the full result to a high degree \[[@CR1], [@CR2]\].
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                \begin{document}$$\mathcal {O}(m_s^2)$$\end{document}$ and to perform the matching of two-flavour low-energy constants *B* and *F* with their three-flavour counterparts in the chiral limit. The results obtained fully agree with those previously derived in \[[@CR5], [@CR15], [@CR26]\].

Aside from an investigation of the numerical implications of the strange-quark expansion of both $\documentclass[12pt]{minimal}
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We also present a discussion of the various ways in which NNLO results for the pion mass and decay constant may be represented, and their relative merits. We then rewrite the expressions given in this paper in a manner which allows for east fitting with data from lattice simulations.

In forthcoming work, we will present similar semi-analytic expressions for the three-flavour two-loop contributions to the kaon and eta mass and decay constants, and use those results and the ones presented in this work to do a preliminary fit of lattice data to obtain new values for some low-energy constants. That exercise, along with the results and analyses presented in this work, is indicative of the usefulness of such analytic representations of ChPT amplitudes and other quantities, and it will hopefully encourage and facilitate the lattice community in making use of full NNLO results from ChPT.

Appendix A: Expressions without the use of GMO {#Sec11}
==============================================

A.1 Pion mass {#Sec12}
-------------
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Appendix B: Two mass sunset master integrals {#Sec14}
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